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EFFECTIVE CONGRUENCES FOR MOCK THETA FUNCTIONS
NICKOLAS ANDERSEN, HOLLEY FRIEDLANDER, JEREMY FULLER, AND HEIDI GOODSON
Abstract. LetM(q) =
∑
c(n)qn be one of Ramanujan’s mock theta functions. We estab-
lish the existence of infinitely many linear congruences of the form
c(An+B) ≡ 0 (mod ℓj),
where A is a multiple of ℓ and an auxiliary prime p. Moreover, we give an effectively
computable upper bound on the smallest such p for which these congruences hold. The
effective nature of our results is based on prior works of Lichtenstein [14] and Treneer [17].
1. Introduction and Statement of the Results
A partition of a positive integer n is a non-increasing sequence of positive integers that
sum to n. Define p(n) to be the number of partitions of a non-negative integer n. Ramanujan
[16] proved the linear congruences
p(5n+ 4) ≡ 0 (mod 5),
p(7n+ 5) ≡ 0 (mod 7),
p(11n+ 6) ≡ 0 (mod 11),
which were later extended by Atkin [4] and Watson [19] to include powers of 5, 7, 11. Later,
Atkin [5] developed a method to identify congruences modulo larger primes, such as
p(17303n+ 237) ≡ 0 (mod 13),
p(1977147619n+ 815655) ≡ 0 (mod 19),
p(4063467631n+ 30064597) ≡ 0 (mod 31).
Ahlgren and Ono [1, 2, 15] have shown that linear congruences for p(n) exist for all moduli
m coprime to 6.
These congruences arise from studying the arithmetic properties of the generating function
∞∑
n=0
p(n)qn =
∞∏
n=1
1
1− qn
= 1 + q + 2q2 + 3q3 + 5q4 + 7q5 + . . . ,
which can also be writen in Eulerian form
∞∑
n=0
p(n)qn = 1 +
∞∑
n=1
qn
2
(q; q)2n
,
where (x; q)n := (1 − x)(1 − xq)(1 − xq
2) · · · (1 − xqn−1). By changing signs, we obtain one
of Ramanujan’s third-order mock theta functions
f(q) =
∞∑
n=0
af (n)q
n := 1 +
∞∑
n=1
qn
2
(−q; q)2n
= 1 + q − 2q2 + 3q3 − 3q4 + 3q5 + . . . .
1
MOCK THETA CONGRUENCES 2
The coefficients af(n) of f(q) can be used to determine the number of partitions of n of even
rank and of odd rank [6].
The function f(q) is one of Ramanujan’s seventeen original mock theta functions, which are
strange q-series that often have combinatorial interpretations (see [11] for a comprehensive
survey of mock theta functions). These functions have been the source of much recent study.
In [3, 7, 8, 9, 10, 18], congruences for the coefficients of various mock theta functions are
established. For example, in their investigation of strongly unimodal sequences, Bryson,
Ono, Pitman, and Rhoades [8] prove the existence of congruences for the coefficients of
Ramanujan’s mock theta function
Ψ(q) =
∞∑
n=1
aΨ(n)q
n :=
∞∑
n=1
qn
2
(q; q2)n
= q + q2 + q3 + 2q4 + 2q5 + . . . .
In particular, they establish the congruence
aΨ(11
4 · 5n+ 721) ≡ 0 (mod 5). (1.1)
In [18], Waldherr shows that Ramanujan’s mock theta function
ω(q) =
∞∑
n=0
aω(n)q
n :=
∞∑
n=0
q2n
2+2n
(q; q2)2n
= 1 + 2q4 + 2q5 + 2q6 + . . .
satisfies
aω(40n+ 27) ≡ aω(40n+ 35) ≡ 0 (mod 5).
Congruences like the examples above have also been proven for other mock theta functions,
such as Ramanujan’s φ(q) function [7, 9]. It is natural to ask if a general theory of such
congruences exists. In this paper, we build on the approaches of these previous works to
establish the existence of linear congruences for all of Ramanujan’s mock theta functions.
If M(q) is one of Ramanujan’s mock theta functions, then by work of Zwegers [20] there
are relative prime integers δ and τ for which
F (z) =
∑
b(n)qn := qτM(qδ) (1.2)
is the holomorphic part of a weight 1/2 harmonic weak Maass form (to be defined in Section
2). We obtain congruences for the coefficients of M(q) as in (1.1) by obtaining them for
F (z).
Theorem 1. Let M(q) be one of Ramanujan’s mock theta functions with F (z) as in (1.2),
let N be the level of F , and let ℓj be a prime power with (ℓ, N) = 1. Then there is a prime
Q and infinitely many primes p such that, for some m,B ∈ N, we have
b(p4ℓmQn +B) ≡ 0 (mod ℓj).
Furthermore, the smallest such p satisfies p ≤ C, where C is an effectively computable
constant that depends on ℓj, N , and other computable parameters.
Remark. Theorem 1 is a special case of Theorem 5, a more general result that applies to
weight 1/2 harmonic Maass forms whose holomorphic parts have algebraic coefficients and
whose nonholomorphic parts are period integrals of weight 3/2 unary theta series.
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2. Nuts and Bolts
The proof of Theorem 5 utilizes several important concepts from the theory of modular
forms and harmonic Maass forms. In this section we summarize those topics and results that
will be key ingredients in the proof.
2.1. Harmonic Maass Forms. Ramanujan’s mock theta functions are essentially the holo-
morphic parts of certain weight 1/2 harmonic Maass forms. To begin, we define half integral
weight harmonic weak Maass forms. Here “harmonic” refers to the fact that these functions
vanish under the weight k hyperbolic Laplacian ∆k,
∆k := −y
2
(
∂2
∂x2
+
∂2
∂y2
)
+ iky
(
∂
∂x
+
∂
∂y
)
, (2.1)
for z = x+ iy ∈ H.
If N is a positive integer with 4|N and χ a Dirichlet character modulo N , a weight
k ∈ 1
2
Z harmonic weak Maass form for a congruence subgroup Γ ∈ {Γ1(N),Γ0(N)}, with
Nebentypus χ, is any smooth function f : H→ C satisfying
(1) For every γ = ( a bc d ) ∈ Γ, we have
f
(
az + b
cz + d
)
=
( c
d
)2k
ε−2kd χ(d) (cz + d)
k f(z),
where
εd :=
{
1 if d ≡ 1 mod 4,
i if d ≡ 3 mod 4.
(2) We have ∆kf = 0.
(3) There is a polynomial Pf =
∑
n≥0 c
+(n)qn ∈ C[q−1] such that f(z)−Pf (z) = O(e
−ǫy)
as y → +∞ for some ǫ > 0. Analogous conditions are required at all cusps.
The term “weak” refers to the relaxed growth condition at the cusps described by (3). For
convenience, we will refer to these harmonic weak Maass forms simply as harmonic Maass
forms.
We adopt the following notation: if χ is a Dirichlet character modulo N , let Sk(N,χ) (re-
spectively,Mk(N,χ),M
!
k(N,χ), Hk(N,χ)) denote the space of cusp forms (resp., holomorphic
modular forms, weakly holomorphic modular forms, harmonic Maass forms) of weight k on
Γ0(N) with Nebentypus χ.
For f ∈ H2−k(N,χ) and 1 < k ∈
1
2
Z, we write f = f+ + f−, and define
f+(z) :=
∑
n≫−∞
a+(n)qn
to be the holomorphic part and
f−(z) :=
∑
n<0
a−(n)Γ(k − 1, 4π|n|y)qn
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to be the nonholomorphic part, where Γ(a, b) :=
∫∞
b
e−tta−1 dt is the incomplete Gamma-
function.
If M(q) is one of Ramanujan’s mock theta functions with F (z) as in (1.2), then by [20],
f+ = F is the holomorphic part of a weight 1/2 harmonic weak Maass form whose nonholo-
morphic part f− is a period integral of a weight 3/2 unary theta series. As a consequence,
there exist integers δ1, . . . , δh such that the coefficients a
−(n) are supported on exponents of
the form −δim
2.
As stated in Section 1, Theorem 1 is a special case of Theorem 5, which applies to weight
1/2 harmonic Maass forms with algebraic coefficients whose nonholomorphic parts are period
integrals of weight 3/2 unary theta series. Essentially, these congruences are obtained from
the annihilation of a cusp form g(z), related to f(z), by the Hecke operators T (p2). The
cusp form g(z) is determined by a result of Treener [17]. Moreover, work of Lichtenstein [14]
allows us to bound the first prime p such that T (p2) annihilates g(z). The details of the
construction of g(z) follow.
2.2. Elements of the Proof. To prove Theorem 5, we first obtain a weakly holomorphic
modular form f̂(z) by applying quadratic twists to annihilate the nonholomorphic part of
f(z). If Q is an odd prime, define ψQ :=
(
•
Q
)
and G :=
∑Q−1
λ=1 ψQ(λ)e
2πiλ/Q. Then the
Q-quadratic twist of f is defined as
f ⊗ ψQ :=
G
Q
Q−1∑
λ=1
ψQ(λ)f
∣∣
1
2
(
1 − λ
Q
0 1
)
.
Remarks. The definition of f⊗ψQ given in [12, III, Proposition 17] applies to modular forms,
but this definition also makes sense for f ∈ H2−k(N,χ) since the transformation z 7→ z−λ/Q
only affects the real part of z (the Γ-factor in f− remains unchanged). As in the modular case
(see [12, III, Proposition 17]), the nth coefficient of f ⊗ ψQ is
(
n
Q
)
times the nth coefficient
of f .
The following lemma describes how twisting f affects the level:
Lemma 2. Suppose f satisfies the transformation f |k ( a bc d ) = χ(d)f for all (
a b
c d ) ∈ Γ0(N)
and for some character χ mod N . Let ψ be a character mod M , and let N ′ = lcm(NM,M2).
Then
(f ⊗ ψ)
∣∣
k
(
a b
c d
)
= χ(d)ψ2(d)(f ⊗ ψ)
for all ( a bc d ) ∈ Γ0(N
′).
Proof. Let ( a bc d ) ∈ Γ0(N
′). For each λ with 0 ≤ λ < M , let λ′ denote the smallest nonnega-
tive integer satisfying λ′a ≡ λd (mod M). Then we have(
1 −λ/M
0 1
)(
a b
c d
)(
1 −λ/M
0 1
)−1
=
(
a− cλ
M
b+ aλ
′−dλ
M
− cλλ
′
M2
c d+ cλ
′
M
)
∈ Γ0(N
′).
The lemma now follows from a standard argument (see [12, Proposition III.17(b)]). 
In the proof of Theorem 5, we require a cusp form g(z) with the property that f̂(z) ≡ g(z)
(mod ℓj). The existence of such a cusp form is guaranteed by work of Treneer [17]. We first
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fix some notation. For f ∈ M !k(N,χ) and a prime ℓ, define α = α(f, ℓ) and β = β(f, ℓ) to
be the smallest nonnegative integers satisfying
− ℓα < 4min
ℓ2|c
{orda
c
f̂}, −ℓβ < min
ℓ2∤c
{orda
c
f̂}, (2.2)
where a
c
runs over a set of representatives for the cusps of Γ0(N). Theorem 3 below follows
from Theorems 1.1 and 3.1 of [17], along with the proof of Theorem 3.1 of [17].
Theorem 3. [17, Theorem 3.1] Let ℓj be an odd prime power and let N be a positive in-
teger with (ℓ, N) = 1. Suppose that f(z) =
∑
a(n)qn ∈ M !k
2
(4N,χ) has algebraic integer
coefficients. If α = α(f, ℓ) and β = β(f, ℓ) as in (2.2), then there is a cusp form
g(z) ∈ S k
2
+
ℓβ(ℓ2−1)
2
(Γ0(Nℓ
2), χψkαℓ )
such that
g(z) ≡
∑
ℓ∤n
a(ℓαn)qn (mod ℓj).
Further, a positive proportion of primes p ≡ −1 (mod 4Nℓj) satisfy
a(p3ℓαn) ≡ 0 (mod ℓj)
for all n coprime to ℓp.
We end this section by recalling the action of Hecke operators T (p2) on half integral
weight cusp forms and stating a result of Lichtenstein [14], which will allows us to bound
the smallest prime p such that g(z) | T (p2) ≡ 0 (mod ℓj). If χ is a quadratic character,
g(z) =
∑
a(n)qn ∈Mλ+1/2(4N,χ), and (p, 4N) = 1 then
g(z) | T (p2) :=
∑(
a(p2n) +
(
(−1)λn
p
)
χ(p) pλ−1a(n) + p2λ−1a(n/p2)
)
qn.
To state Lichtenstein’s result, we require the following notation. Let E be the smallest
number field containing the coefficients of g(z) and let ℓOE factor as ℓOE =
∏
m λ
em
m , where
the λm are prime ideals of OE. Let S := Sk(Γ0(2N)) and set d := dimC S. Let
s :=
k
12
N
∏
p|N
(
1 +
1
p
)
denote the Sturm bound for S. Let {f1, . . . , fd} be a basis for S consisting of normalized
Hecke eigenforms, and let K be a number field containing the coefficients of all the fi.
Choose primes µm of OKE lying above each λm such that the largest µm-adic valuation of
the first s coefficients of all the fi is a minimum – let vm denote this largest valuation. Let
rm := [OKE/µm : Fℓ]. Define
B(S, ℓj) :=
∏
m
ℓ4drm(dvm+αm)
and L(S, ℓ) := ℓ ·
∏
p|N p.
Theorem 4. [14, Theorem 1.2] With the notation above, let B := B(S, ℓj) and L := L(S, ℓ).
There is an effectively computable constant A1 (defined in [13]) such that for some prime
p ≡ −1 (mod 2Nℓj) satisfying
p ≤ 2(L(B−1)BB)A1
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we have g | T (p2) ≡ 0 (mod ℓj). Assuming the Generalized Riemann Hypothesis, the prime
p satisfies
p ≤ 280B2(logB + logL)2.
Remark. In particular, if the coefficients of f are rational integers, i.e. E = Q, then taking
µ = µ1, v = v1, and r = r1, we see that B = ℓ
4dr(dv+j).
Remark. The quantity B defined in Theorem 4 arises from the elementary bound
#GL2(OK/µ
dv+j) ≤ ℓ4r(dv+j)
which, in certain cases, is easy to compute and is much smaller (see [14, Example 4.3]).
3. Statement of the General Theorem and its Proof
Here we state our general result of which Theorem 1 is a special case. For ease of notation,
we state it for harmonic Maass forms with holomorphic parts whose coefficients lie in Q, but
an analogous result holds for such forms with algebraic coefficients.
Theorem 5. Suppose f ∈ H 1
2
(Γ0(4N), χ) has holomorphic part f
+ =
∑
n≥n0
a+(n)qn with
a+(n) ∈ Q and non-holomorphic part
f− =
h∑
i=1
∑
n>0
a−(δin
2)Γ
(
1
2
, 4πδin
2
)
q−δin
2
for some finite set of squarefree δi ∈ N. Let ℓ
j be a prime power with (4N, ℓ) = 1.
(i) Let Q be an odd prime with
(
δi
Q
)
= 1 for 1 ≤ i ≤ h. Then we have
f̂ =
∑
â(n)qn :=
∑
(−nQ )=−1
a+(n)qn ∈M !1
2
(Γ0(4NQ
3), χ).
(ii) Define α = α(f̂ , ℓ) and β = β(f̂ , ℓ) as in (2.2). Then there exists a cusp form
g ∈ S 1
2
+ℓβ
(
ℓ2−1
2
)(Γ0(4NQ3ℓ2), χψαℓ )
with the property that
g ≡
∑
ℓ∤n
â(ℓαn)qn (mod ℓj).
Further, a positive proportion of the primes p ≡ −1 (mod 4NQ3ℓj) have
â(p3ℓαn) ≡ 0 (mod ℓj) (3.1)
for all n coprime to ℓp.
(iii) Define S := Sℓβ(ℓ2−1)(Γ0(2NQ
3ℓ2)), and let B = B(S, ℓj) and L = L(S, ℓ) as given in
Theorem 4 above. Then the smallest prime p for which (3.1) holds satisfies
p ≤ 2(LB−1BB)A1 .
Assuming GRH, this prime p satisfies
p ≤ 280B2(logB + logL)2.
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Proof of Theorem 5. To prove (i), we use Q-quadratic twists to annihilate the nonholomor-
phic part of f . We have
f− −
(
−1
Q
)
f− ⊗ ψQ =
s∑
j=1
∞∑
n=1
(
1−
(
−1
Q
)(
−δjn
2
Q
))
a−(δjn
2)Γ(1/2, 4πδjn
2y)q−δjn
2
=
s∑
j=1
∑
Q|n
a−(δjn
2)Γ(1/2, 4πδjn
2y)q−δjn
2
.
Let f˜ := f −
(
−1
Q
)
f ⊗ψQ. Since the nonholomorphic part of f˜ is supported on exponents of
the form −δjQ
2n2, the harmonic Maass form f̂ := −1
2
(
−1
Q
)
f˜ ⊗ ψQ has no nonholomorphic
part. Therefore
f̂ ∈M !1
2
(Γ0(4NQ
3, χ)).
The nth coefficient of f̂ is
−
1
2
(
−1
Q
)(
n
Q
)(
1−
(
−1
Q
)(
n
Q
))
a+(n) = â(n).
That is, â(n) is a+(n) if
(
−n
Q
)
= −1 and is 0 otherwise.
To prove (ii), apply Theorem 3 to the weakly holomorphic modular form f̂ .
Statement (iii) is immediate from Theorem 4. 
Theorem 1 now follows quickly from Theorem 5.
Proof of Theorem 1. Using Theorem 5 and taking m = α we obtain congruences of the form
â(p3ℓmn) ≡ 0 (mod ℓj)
for all n coprime to ℓp. We may choose Q in Theorem 5 to also be coprime to ℓ. Then since
â(k) = b(n) when
(
−k
Q
)
= −1, we can take any integer A satisfying (A, pℓ) = 1 and(
−p3ℓmA
Q
)
= −1
so that, replacing n by pℓQn+ A, we obtain the congruences
b(p4ℓm+1Qn +B) ≡ 0 (mod ℓj),
where B = p3ℓmA. 
Remark. For the case where α = 0, Theorem 1 can be improved. Namely, we can have Q = ℓ
and, with A chosen as above, we can similarly obtain congruences b(p4ℓn+B) ≡ 0 (mod ℓj)
where B = p3A.
Remark. Congruences for a Ramanujan mock theta function M(q) =
∑
c(n)qn follow from
Theorem 1 in the form c(p4ℓα+1Qn + B′) ≡ 0 (mod ℓj), where B′ = (B − τ)/δ ∈ Q. If
(δ, pQℓ) = 1, A may be chosen as above to also satisfy A ≡ τℓ−αp−3 (mod δ) to get B′ ∈ N.
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